TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 164, February 1972

A DIVERGENCE THEOREM FOR
HILBERT SPACE

BY
VICTOR GOODMAN(")

Abstract. Let B be a real separable Banach space. A suitable linear imbedding of
a real separable Hilbert space into B with dense range determines a probability
measure on B which is known as abstract Wiener measure. In this paper it is shown
that certain submanifolds of B carry a surface measure uniquely defined in terms of
abstract Wiener measure. In addition, an identity is obtained which relates surface
integrals to abstract Wiener integrals of functions associated with vector fields on
regions in B. The identity is equivalent to the classical divergence theorem if the
Hilbert space is finite dimensional. This identity is used to estimate the total measure
of certain surfaces, and it is established that in any space B there exist regions whose
boundaries have finite surface measure.

1. Introduction. Let B be a real separable Banach space with norm|-|. Con-
sider a linear imbedding ¢ of a real separable Hilbert space into B with dense
range. Gross [5] has shown that if the function |¢- || is a measurable norm on the

Hilbert space, then the space B carries a Borel probability measure p; uniquely
characterized by the identity

pul(xe By, x> < r}) = Qnli*y|H)-12 f

r

exp [—(2]*y[?)~1s%] ds.

Here, y is any element of the topological dual space of B, ¢* is the adjoint of the
imbedding map, and |-| is the norm on the dual Hilbert space. The space B, to-
gether with the Hilbert space and the imbedding, is said to be an abstract Wiener
space, and p, is said to be abstract Wiener measure on B.

The above measure is easily identified if the associated Hilbert space is finite
dimensional. Since any dense linear imbedding of a finite dimensional space is
invertible, a range space B of such an imbedding is isomorphic to the Hilbert
space. Under the isomorphism, the measure p, is given by

p1 = (2m)~UmB2 exp [—|x|?/2] dx

where dx is Lebesgue measure on the Hilbert space and |-| is the Hilbert norm.
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Certain features of the integral calculus for the finite dimensional example above
have been abstracted to infinite dimensional spaces. However, the imbeddings
which arise in the infinite dimensional case are not invertible and the topology of
the range space of an imbedding enters nontrivially into the formulation of such
abstractions. For example, it is known that a closed subspace with finite codimen-
sion in an abstract Wiener space is itself an abstract Wiener space and Wiener
measure is a product of a measure on the subspace and a measure on a supple-
mentary subspace. We use this fact to prove that certain (nonlinear) submanifolds
of any abstract Wiener space carry a uniquely defined surface measure.

An important regularity condition which is defined for a map F from an abstract
Wiener space B to a Banach space Y is differentiability in Hilbert space directions.
Let ¢ denote the imbedding of the associated Hilbert space H. For fixed x in B, the
auxiliary function V(h)=F(x+<¢h) is defined on H. If V: H— Y is Fréchet dif-
ferentiable at the origin, then Fis said to be differentiable in Hilbert space directions
at the point x. We shall say that the function Fis H differentiable at x. We define
the divergence of certain H differentiable vector fields on a space B, and we derive
an identity which relates the Wiener integral of the divergence over a region to a
surface integral over the boundary of the region. Our use of the Hilbert space
imbedding makes clear the fact that the integrals are determined by the Hilbert
inner product and the derivative of the vector field in Hilbert space directions.
Hence, we refer to the integral identity as a divergence theorem for Hilbert space.

It is well known that certain Banach spaces do not admit Fréchet differentiable
partitions of unity. However, in an abstract Wiener space the condition that a
function be H differentiable is less stringent than the condition for Fréchet differen-
tiability, and we show that nontrivial H differentiable partitions of unity exist. Such
partitions are used in establishing the divergence theorem. In connection with this
technical problem we remark that the surfaces considered in the paper are of a
more general type than Fréchet differentiable surfaces. It is shown that these sur-
faces exist even in Banach spaces that do not admit Fréchet differentiable partitions
of unity.

If a real-valued function u on a real Hilbert space is twice Fréchet differentiable
at a point x, then the second derivative u”(x) may be identified with a bounded
operator on the space. Gross [6] has defined the Laplacian of u by

Au(x) = trace[u"(x)]

if u has the property that u"(x) is a trace class operator (or equivalently, a nuclear
operator [3]). A similar definition has been formulated for certain H differentiable
functions on an abstract Wiener space. For such a function, the vector field ' is
defined in a neighborhood of x and our definition of the divergence of ¥’ coincides
with the definition of the Laplacian of u. We apply the divergence theorem to vector
fields of the form u’ to relate the Wiener integral of the Laplacian of u to a boundary
integral. This relation is used to establish the existence of surfaces in abstract
Wiener spaces which have finite surface measure.
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2. Preliminaries. In dealing with an abstract Wiener space it is convenient to
identify the associated Hilbert space with its image in the Banach space. In the
paper, the pair (H, B) will always denote an abstract Wiener space where H is a
dense subspace of B with a Hilbert norm |x|=(x, x)'2.

DEerINITION 1. Let (H, B) be an abstract Wiener space. A map F: E— Y from
a subset E of B into a Banach space Y is said to be H continuous at x if the map
V(h)=F(x+h), defined on (E—x) N H, is continuous at the origin in the relati-
vized Hilbert topology. A map F on an open set E in Bis H differentiable at x if the
function V is Fréchet differentiable at the origin in H. If V'(0) exists, then this
operator is said to be the H derivative of F at x.

If a real-valued function u defined on an open subset of Bis H differentiable at x,
we denote by (Du)(x) the H derivative at x. Higher H derivatives of u may be
defined inductively using definition one. We denote by D™u(x) the nth H derivative
of u at x if it exists.

Suppose that p, is abstract Wiener measure on the space (H, B). For fixed x in B
and a Borel subset E of B, the equation

pt(x’ E) = pl(t—lle_x)9 > 0;

defines a Borel probability measure p,(x, ) on B. An alternate definition of this
measure is given in [6, p. 127]. It follows from equation (3) in [6] that the two
definitions are equivalent. The measure p,(0, ) is denoted by p,( ), and this measure
is said to be abstract Wiener measure with variance parameter t. If f is a bounded
measurable real-valued function on B the function p,fis defined by

) = [ S0 d) = [ for+ppias),

By Proposition 9 of [6], such a function is infinitely H differentiable on B.

For any space (H, B), the imbedding H — B has dense range. Hence, the adjoint
map B* — H* is injective. The use of this injection clarifies the manner in which
the linear structure of Bis used in the integral calculus for abstract Wiener measure.
First, the canonical isomorphism between H* and H allows one to identify B* with
a subspace of H and, hence, of B. Thus, we have the inclusions B*< H< B. Secondly,
an element of the space L(B, B¥), that is, a continuous linear operator from B to
B*, may be identified with an element of L(H, H). In view of the identifications
above, this is accomplished by restricting the operator to H. The elements of
L(B, B*) which we shall be interested in are those whose restrictions to H are
orthogonal projections on H.

One may easily see that elements of B* N H are characterized in terms of the
norm |- | on B as follows: An element x of H is in B* if and only if there exists a
constant C>0 such that the inequality |(x, y)| = C| y| holds for all y in H. For
such an element x we shall denote by {x, -> the continuous extension of the linear
functional (x, -) to all of B.
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REMARK 1. Let K< H be a finite dimensional subspace of B* where (H, B) is
an abstract Wiener space. If y,, .. ., y, is an orthonormal basis of K then the equa-
tion Qx=7> {y,, x>y, defines a continuous operator from B to B*. Since Q is the
continuous extension of the orthogonal projection of H onto K, Q is a projection
on B. Thus, B=K® L where L is the null space of Q. Let K* denote the orthogonal
complement of K in H. By Remark 2.2 of [6], the pair (K*, L) is an abstract Wiener
space and we have the product decomposition p,=p; x u, where p; is abstract
Wiener measure on L and y, is Gauss measure on K. That is,

pe = (2mr) =™ Ei2exp[ — |k|2/21] dk
where K is viewed as an inner product space.

3. Surfaces in abstract Wiener spaces.

DEFINITION 2. Let (H, B) be an abstract Wiener space. A real-valued function g
defined on an open subset U of B is an H-C? function if g is continuous and H
differentiable on U, the map Dg: U — H* is continuous, and for each x in U, the
vector Dg(x) is in B*.

DerINITION 3. Let (H, B) be an abstract Wiener space. A subset S of B is an
H-C* surface if for each x in S there is an open neighborhood U of x in B and an
H-C* function g defined on U such that Dg(x)#0 and SN U={ye U : g(y)=0}.

A subset V of B has an H-C* boundary if for each point x in 9V there is a neigh-
borhood U of x and a function g with the above properties such that ¥ n U
={yeU: g(y)<0}

REMARK 2. Definition 2 differs from the standard definition of a differentiable
surface in a Banach space in that the function g appearing in Definition 2 is not
required to be continuously Fréchet differentiable on its domain. One may easily
verify that any differentiable surface in a space B is an H-C*! surface for the pair
(H, B). It is not known whether in every Banach space there exists a bounded set
with a differentiable boundary. In fact, the works [1], [7] and [10] show that for
many Banach spaces the set of continuously Fréchet differentiable functions is
rather small. This suggests that for such spaces there do not exist many differen-
tiable surfaces. Nevertheless, using abstract Wiener measure we show that for any
pair (H, B), the space B has nonempty bounded open sets with H-C*® boundaries.

PROPOSITION 1. For an abstract Wiener space (H, B) let B(x) denote the ball of
radius r centered at x in B. Then for each pair of numbers 0 <r <r’, there exists a set
V with an H-C*! boundary such that B(x)< V< B,(x).

Proof. Given numbers r and r’, choose ¢>0 such that e<r<r'<e~?, and put
f(y)=min {| ||, 2¢ '} where | y|| is the norm on B. By a remark above, the function
g:=(p.f) is H differentiable on B for each ¢t>0. Since the function f satisfies a
Lipschitz condition on B it follows that g, satisfies a Lipschitz condition for each ¢.
That is, for some M >0 the inequality

lgd»)—g2)| = M || y—z]|
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holds for all y and z in B. But then for any element 4 in H,

|(Dg«(»), b)| linsrLsoulb s7g(y+sh)—gly)| £ M ||h|.

Hence, Dg,(y) is in B* for each y in B and the B* norm is not greater than M. Also,
from Proposition 9 of [6] we have

|(Dg((y), ) —(Dg(2), h)| = ’t - L {f(y+0)—f(z+0)}h, v) pdv)
S u7VM | y—2| |A].

It follows that the map Dg;: B— H* is continuous. By Proposition 6 of [6], the
function g, converges uniformly to f as ¢ approaches zero. We put r"=(r+r")/2.
Then for ¢ sufficiently small, the set V,={y : g(y) <r"} satisfies B,(0)< V', < B,.(0).
To prove that V, is a set with an H-C?! boundary for ¢ small, it suffices to show that
Dg, is nonzero on the set {y : e<||y| <e~1} for ¢ sufficiently small.

Given y such that e< || y| <&, choose 4 in H such that |A—y| < /4. Then if s is
a positive number,

s~ gy +sh)—g(y)} = s7* f' o {ly+sh+z|— | y+z|}pddz) + E(s)
IRII< &

where E(s)=s"! le" 24 (Y +5h+2)—f(y+2)}p(dz). Since f satisfies a Lipschitz

condition we have |E(s)| < M|h|p{||z] = ¢/4}). One may verify directly that

|y+sh+z|—| y+z| 2 es/4if |z|| < /4. Hence by letting s approach zero we obtain

(Dg(y), ) 2 (e/Mp{lz]| < e/4—M k| p(lz] 2 /4.

But lim, o p{||z] <¢/4})=1 and thus Dg,(y) is nonzero for ¢ sufficiently small.
Moreover, a uniform estimate as above may be made on the set {y : e< | y| <&~}
since the only requirement for 4 is that |y—h| <e/4. Hence V, has an H-C*
boundary and clearly any translate of this set also has an H-C*! boundary.

COROLLARY OF THE PROOF. Let |- | denote the B norm for a space (H, B). For
any e>0 there exists a bounded function f: B — R satisfying a Lipschitz condition on
B such that the functions p, f converge uniformly to the norm on the set {y: | y| <&~}
ast | 0,and Dp,fis nonzero on the set {x: ¢ < || x| <&~} for t sufficiently small.

Proof. By the proof of the proposition the statement holds for
f(x) = min {]| x|, 2e71}.

This corollary will be used in a later argument.

DEerNITION 4. Let K be a differentiable surface in a real Hilbert space H. A one
dimensional orthogonal projection P on H is a normal projection for K at x in K if
there holds

[P(y=x)| = o(ly—x]), |y—x| {0,
for all y in K.
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ReMark 3. If K is a differentiable surface in a Hilbert space, the condition that
a one dimensional projection P is a normal projection at x is equivalent to the con-
dition that the hyperplane x +ker P is tangent to K at x. It follows from the im-
plicit function theorem [2, Theorem 10.2.1], that such a projection exists for each
element of a differentiable surface and that each projection is unique.

REMARK 4. If Sis an H-C! surface in the space (H, B), it is an immediate con-
sequence of Definition 3 that for any x in S the set (S—x) N H is a differentiable
surface in H.

PROPOSITION 2. Let S be an H-C* surface in an abstract Wiener space (H, B).

There exists a unique map N: S — L(B, B*) such that
(i) for each x in S, the restriction of N, to H is a normal projection for

(S—x)NHat0O, '

(ii) for each x the map J,,=I— N, is a homeomorphism of an open neighborhood in
S of x onto an open subset in the null space of N, and

(iii) the map N: S — L(H, H) (with the operator norm topology on the range) is
continuous.

Proof. Suppose x is in S. Since (S—x) N H is a differentiable surface in H con-
taining 0, by Remark 2 there exists a unique normal projection at 0. Thus, if the
map N exists, it is uniquely determined by property (i).

For x in S'let U and g be as in Definition 3. Since Dg: U — H* is continuous we
may assume with no loss of generality that | Dg| >0 on U. We put v(h)=g(h+ x) for
h in (U—x) N H. Since v is continuously Fréchet differentiable on this set and
(S—x) N H is alevel surface of v on this set, we obtain

N, = | Dv(0)| ~2(D(0), ) Dv(0) = | Dg(x)| ~*(Dg(x),) Dg(x)

by an elementary argument. By assumption, Dg(x) is in B* and so N, extends to a
continuous projection on B. Moreover, for any y in U the same argument yields
that the equality holds for x replaced by y. Hence, property (iii) follows from the
continuity of the map Dg: U — H*.

We put h=|Dg(x)| ~1Dg(x) so that N, =<h,->h. If L, denotes the null space of
N, we have L,={y e B :<{h, y>=0}. Then B=L, @ span {h}. Now x=1I,+s,h for
some [, in L, and s, in R. We define a function w in a neighborhood in L, x R of
(1, s,) by setting w(l, s)=s— | Dg(x)| ~*g(l+sh). Using the fundamental theorem of
calculus one sees that w is a contraction mapping in the second variable in a neigh-
borhood of (I,, s,). We apply [2, Theorem 10, 1.1] to obtain a continuous real-
valued function u defined in an L, neighborhood of [, satisfying g(/+u(/)h)=0.
Hence, the map / — [+ u(l)h is continuous into S N U. This map has a continuous
inverse, for J(I+u(l)h)=1. Also, by the uniqueness part of Theorem 10.1.1 the
map J, followed by I+ u(l)h is the identity map on some open neighborhood in S
of x. This establishes that J, is a local homeomorphism into L,.
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DEFINITION 5. Let S be an H-C! surface in an abstract Wiener space (H, B).
The map N whose existence and uniqueness is asserted in Proposition 2 is the
normal projection for S. If y is in S then by Proposition 2 there is an element 4 in B*
of unit Hilbert norm and a neighborhood W in S of y such that

(i) Nyh=h,

(ii) |N,h|>0 for all win W, and

(iii) J,=I— N, is a homeomorphism of W into the null space of N,.

The element 4 is said to be a unit normal at y and W is said to be a coordinate
neighborhood of y.

4. Surface measure.

DEFINITION 6. Let S be an H-C* surface in an abstract Wiener space (H, B), and
let W be a coordinate neighborhood of a point y in S. For a fixed x in Band >0
we define a measure p(t, x, W,-) on the Borel sets of W by

p(t, x, W, E) = (2mt)~172 [Nuh| =t exp [—(20) 7 [N, (w—x) |21 pi(Jyx, dl).
JIyE
In this formula 4 is a unit normal at y, pi(-) is Wiener measure on the null space of
Ny, and w=J; 1L p(t, x, W, -) is said to be a local version of normal surface measure
with dilation parameter ¢ and translation variable x.

REMARK 5. It is instructive to identify the measures given by Definition 6 when
H is the finite dimensional inner product space R™. For such a space the Euclidean
norm is measurable and an H-C! surface S is a differentiable surface in R It
follows immediately from the formula in Definition 6 that

P(ta X, W, ) = (27Tt)_n/2 exp [_(2t)_lls_xlz] ds
where ds is (Lebesgue) surface measure on S.

LeMMA 1.1. Let S be an H-C* surface for the space (H, B) and let y and z be two
points in S. If for fixed x in B, p(t, x, W, -) and p(t, x, W', -) are local versions of
normal surface measure on coordinate neighborhoods W, W' of y, z respectively, then
for any Borel set EE W N W’ there holds p(t, x, W, E)=p(t, x, W', E).

Proof. Suppose W N W’'#g. Let hy, h, be unit normals at y, z and let , p;, .p;
denote Wiener measure on the null spaces L and L’ of N, and N,. By Definition 6,

plt, %, W', E) = Qi) |

JIAE

) INw'hzl -t €Xp [—(2t)_1|NZ(W’—Z)I2] zp;("zx, dl,)

where w'=J;I'. Since T=J,J,; ! is a homeomorphism on J,(W N W'), the integral
may be written as

M @

Ty(E

|Nwha| =t exp [—(26) =} N7 H=x)|?] .piUx, T(dl)),
)

where w=J; 1l
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We consider the measure ,pi(J,x, T(dl)) on J,(W N W'). If h, and h, are linearly
dependent then Ny,=N, and the equality follows immediately. Hence, we may
assume that Jh,=h,— N h,#0. Since J,h, is in B* and J,h, vanishes on
M=L,nL, we have L,=M @ span {v} where v = |J,h,|"'J,h,. Similarly, L,
=M @ span {k} where k=|J,h,| ~1J,h,. We derive an expression for T(/) using the
direct sum decomposition /=m+sv, me M, s € R. Using the identities J,(J; /)
=1 and N,=(h,, -)h, we obtain J; I=I+(h,, J;)h, and thus T(/)=J,J;'(I)
=1+ (hy, J; D) hy=m+{| L hy|(hy, J; 1) — (hy, hy)}k.

We put a(m, s)=|J.h,|(hy, J; *1)—(hy, h,). By Remark 1, .pt=p; x p, where pj is
Wiener measure on M and u, is Gauss measure on span {k}. By applying the one
dimensional Jacobi theorem one obtains

PUT(@l)) = (2mt) =12 exp [—(2t) " e(m, 5)*)(8/05)(m, 5) pr(dm) ds

where ds is Lebesgue measure on span {k}.

Given any [, in J,(W n W’), by Definition 3 and Proposition 2 there is an H
differentiable function g on a neighborhood of J; 1/, such that g(/+u(/)h,)=0
where u(/) = (h,, J; 1) for lin a neighborhood of /,. By the implicit function theorem,
oulos= —| N h,| ~*|Nw|, w=J; !, and it follows that

(0a)os)1) = | Nyhy| | Noyhs).

We replace ,pi(J.x, T-) in (1) by the formula for this measure derived above. The
resulting expression is the formula for p(t, x, W, E).

THEOREM 1. Let S be an H-C* surface in an abstract Wiener space (H, B). For x
in B and t >0 there is a unique positive measure o,(x, -) on the Borel field of S such
that for any local version of normal surface measure, p(t, x, W, ), on a coordinate
neighborhood W in S and any Borel subset E of W there holds o,(x, E)=p(t, x, W, E).

Proof. If S is an H-C* surface then the collection of all open coordinate neigh-
borhoods of points of S is an open cover of S. Since S is a subset of a separable
metric space there is a countable subcover. We choose such a cover, {W,}, and
construct a disjoint cover {Y,} of Borel sets with the property that Y,< W,. We
define a set function o,(x, -) on the Borel field of S by setting

ot(x9 E) = Z p(t3 X, Wm En Yn)
1

where p(t, x, W,,-) is given by Definition 6. It follows from the countable additivity
of each local version that o,(x,-) is countably additive.

Now suppose that p(t, x, W,-) is a local version of normal surface measure on an
arbitrary coordinate neighborhood W. If E< W is a Borel set, we have

ofx, E) = Z o(t,x, W\, EN Y)).
T
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But ENY, is a subset of W, N W and, by Lemma 1.1, p(t,x, W,, EN Y,)
=p(t,x, W, EN Y,). Hence, o,(x, E)=p(t, x, W, E). The uniqueness of the
measure a,(x, -) follows from the equality above.

DErFINITION 7. Let S be an H-C* surface in an abstract Wiener space (H, B).
For x in B and 7>0, the measure whose existence and uniqueness is shown in
Theorem 1 is the normal surface measure on S with dilation parameter ¢t and
translation variable x.

DEerINITION 8. Let ¥ be an open set with H-C*! boundary in an abstract Wiener
space (H, B). A map n: 0V — H* with the property that n(y) is a unit normal for
the surface oV at y and y—sn(y) is in V for small s>0 is said to be an outward
normal map for V.

It follows directly from Definition 3 and the proof of Proposition 2 that an out-
ward normal map exists for a set with H-C* boundary and that the map is unique.
Moreover, by the proof of Proposition 2 the map is continuous on the boundary
of the set into H*.

5. The divergence theorem.

DErFINITION 9. Let (H, B) be an abstract Wiener space. A sequence {y,} of real-
valued functions on B is said to be an H-C! partition of unity if for each
n, v,: B—[0, 1]is an H-C* function, for each x in B there is a neighborhood U of
x on which only finitely many y, are nonzero, and > y,(x)=1.

LeEMMA 2.1. Let (H, B) be an abstract Wiener space. If {U}qess is any open cover
of B there exists an H-C* partition of unity, {y,}, such that for each n, the support of
y» is contained in some element of the cover.

Proof. Let f: B— R be a bounded function which satisfies a Lipschitz condition
on B. For t> 0 the function p,fis an H-C*! function by an argument in the proof of
Proposition 1. Also, by Proposition 6 of [6], the family {p,f} converges to f uni-
formly as ¢ | 0. Hence, any bounded Lipschitz function on B is the uniform limit
of H-C* functions. Let B,(x) denote the ball of radius r centered at x in B. By the
argument above, for any r’ <r there is an H-C* function which vanishes outside
the set B,(x) and is equal to one on the set B,.(x). It follows from a standard argu-
ment that for any open cover of B there exists a subordinate H-C*! partition of
unity. An example of such an argument appears in [8, pp. 29-30].

LeMMA 2.2. Let (H, B) be an abstract Wiener space. For any x in B there exists a
sequence of twice H differentiable measurable functions {g,}, g.: B— [0, 1] such that
for each n the support of g, is compact in B, | Dg,| <1 on B, {| Dg,|} converges to zero
almost everywhere with respect to p/(x, -) and {g,} converges to 1 almost everywhere
with respect to px, -) and o(x, -), where o,(x, -) is the normal surface measure on
any H-C? surface in B.

Proof. Let |- || denote the B norm. It follows from the reflexivity of H that the
image of B* is dense in H*. Hence, there is a sequence of finite dimensional
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projections on H which converges strongly to the identity and has the property that
each projection extends to a continuous projection on B. By Corollary 5.2 of [4] and
the proofs of Lemma 1 and Lemma 2 of [5], there exists a sequence {] - | ;} of contin-
uous tame seminorms on B such that >¢ |-|; is a measurable norm on H and
K,={ye B : 27 | y|;<r}hascompactclosurein Bforall r>0. We put f, = psx, + -
It follows immediately from Proposition 9 of [6] that f;, is twice H differentiable on
B and that 0= f, <1, | Dfy| £ on B.
Since each norm |- |, is a continuous tame norm on B and the equality

Pk = lim p{ 3 1yl < n}

holds for s>0, it is straightforward to show that p(K,) is equal to the Wiener
measure (variance parameter s) of the ball of radius » in the abstract Wiener space
(H, B'), where B’ is the completion of H in the norm >¢ | -||;. Hence, there holds

@) lim p(K,) = 1
for each s. Choose m such that p,(K,,)>%. Suppose n>m. If k is in K, _,,, then

fu(x+k) = pu(Ky—k) 2 ps(Ky) > 5.

Similarly if k is not in K, ., then f,(x+ k) <+. Choose a C2 function «: R — [0, 1]
such that «(r)=0 if |r| <% and «(r)=1if |r|>%, and |'(r)| £2 for all r. We put
g.=cof,. The function g, is twice H differentiable by the chain rule and | Dg,| 1.
Also if y is in K, _,+x, g,(y)=1, and if y is not in K, ,+Xx, g,(¥)=0. Hence, g,
has compact support, and by (2), g, converges to one almost everywhere with
respect to p,(x, -). Moreover, since the norm >{ | -||; is dominated by the Hilbert
norm on H, if yis in K, _,,—x, then y+h, hin H, is in K, _,—x for |h| sufficiently
small. But g, is constant on this set and so Dg,(y)=0. Thus, | Dg,| converges to
zero almost everywhere with respect to p,(x, -).

Now suppose that S is an H-C* surface in B and that y is in S. Let 4 be a unit
normal at y and W be a coordinate neighborhood of y as in Definition 3. J will
denote the projection onto the null space L of N,. Let o,(x, -) denote the normal
surface measure on S. To prove that g, converges to one almost everywhere with
respect to o,(x, -) it suffices to show that this convergence holds for normal surface
measure restricted to W. By Definition 6, this is equivalent to showing that the
sequence {g,(J~!)} converges to one almost everywhere with respect to Wiener
measure p;(Jx, -) on L restricted to J(W).

By an argument similar to the one by which we derived (2) one may show that
the sequence {K, N L} increases to a set which has p; measure equal to one for any
s>0. Hence we obtain

3) lim py(K, NJ(W)—Jx) = pi(Jx, J(W)).
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For a positive integer m suppose that / is in K, +Jx NJ(W). Now J(J~1/—x)
=/—Jx and this vector is in K,,. Also, for any z in B, z—Jz is in span {A}. But,
since X7 ||h|, is finite, > |J-*/—x]|| is finite by the triangle inequality. Hence
J~ s in K, + x for n sufficiently large. Now g, is identically one on K, + x, and so
8x(J~1l) converges to one for any /in K,,+Jx N J(W). By (3) then, g,J ! converges
to one almost everywhere on J(W).

DEeriNiTION 10. Let (H, B) be an abstract Wiener space. A continuous linear
operator T: B— B* with finite dimensional range is said to be a test operator.

REMARK 6. Let T be a test operator for (H, B). If F: B— Bis any map, then the
function y — (TF(y), y) is defined on B. Suppose that 4: H — H is a bounded
operator. We shall denote by trace [TA] the trace of the operator T4 where Im T
is identified with a subspace in H. Other properties of test operators are developed
in Definition 6 of [6].

THEOREM 2 (D1VERGENCE THEOREM). Let V be a set with an H-C* boundary in
an abstract Wiener space (H, B). Let F: V U 0V — H be a measurable function which
is H differentiable on V and H continuous at the boundary of V. Assume also that
DF:V — L(H, H) is H continuous into the weak operator topology.

If for fixed x in B and t >0 and each element h in H the functions (F(y), h)? and
|DF(y)(h)| are px, -) integrable on V and the function |F(y)| is integrable with
respect to normal surface measure o(x, -) on 8V, then for any test operator T on B
there holds

fv {trace [TDF(y)] =t~ XTF(y), y—x>}pdx, dy) = LV CTE(y), n(y)>oy(x, dy).

Proof. Let V be an open set with H-C*! boundary and suppose that z is in oV.
By Definition 3 and the proof of Proposition 2 we may choose an open ball U
centered at z and an H-C! function g such that VN U={y e U: g(y) <0}, the set
W=0V n U is a coordinate neighborhood for z, and <k, Dg(y)>>0 for y in U,
where h=n(z) is the outward normal for V at z.

Let £ be an element of B* with unit A norm. We show that the statement of the
theorem holds for the test operator T=<{k, - >k and a vector field F of the form
F(y)=f(y)k, where fis scalar-valued. We assume that F satisfies the hypotheses in
the statement of the theorem, and we assume in addition that the support of f is
contained in U.

We put K=span {h, k}. Since K is a subspace of B*, B=K @ L’ where L' is the
annihilator of K in B. By Remark 1, p,=p; x u, where p; is Wiener measure on L’
and p, is Gauss measure on K. We use this product decomposition to consider the
expression

@ j (DF), k) — =)k, y—x0}pix, ).
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By Remark 1, the orthogonal projection of H onto K extends to a continuous
projection N’ of B onto K. We putJ'=I— N’. Then J' is a projection of B onto L'.
Moreover, it is easy to see that for x in B, p(x, -)=pi(J'x, -) x w(N'x, -). Put
y=I1+v where /isin L' and v is in K. Then (4) is equal to the integral with respect to
pi(J'x, -) of the expression

(5) La+v)<o {(Df(1+v), k)_ t_lf(l+k)<k’ v— N'x)},u.t(N'x, dv)

provided that the integrand in (4) is an integrable function. Now from the definition
of F, |(Df(»), k)| =|DF(y)(k)| and this function is integrable on V' by assumption.
Also,

~

[ ok y-olned) s {[ romwa)} { [ i}

IA

AR RGON e

and the last integral is finite by assumption. We also note that for any /, (5) exists
because the integrand is a continuous function and has compact support in K.

For fixed / we put a(v) =g(/+v). By the choice of g, « is C* in a neighborhood of
the support of the integrand in (5). Moreover, for v in this neighborhood, /+v is in
U and so

(Ve)(v)-h = (Dg(l+k), h) > 0.

Using the inner product structure on K, we have the equivalent expression

(2t - m 2 f (DFU+10), k) — 1= (I +Kk)(k, v— N'x)}

a(v)<0

6
x exp [—(2t)~|o— N'x|?] dv

for (5), where dv is Lebesgue measure on K. Now the integrand is the divergence
of the vector field
f+v)exp [—(2t) " jo— N'x|%]k

on K. Hence, by the classical divergence theorem, expression (6) is equal to
@) f fU+s)(k, n'(s))(2mt) ~UmEI2 exp [—(2¢)~t|s— N'x|?] ds
a(s)=0

where ds is (Lebesgue) surface measure on the surface {«=0}. Although {«=0}
does not bound an open set in K, the fact that Vo-4>0 in a convex neighborhood
of the support of f(/+v) allows one to apply the divergence theorem.

Now by the chain rule, #’(s)=|N’'Dg(I+s)| "*N'Dg(l+s). Also, N, the normal
projection for oV at z, is given by (A, - >h, and it follows from the implicit function
theorem that the restriction of J, to {«=0} is a homeomorphism into L, N K. Here,
L, is the null space of N,. Thus, we may use the local formula for ds which defines
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ds as a transformation of Lebesgue measure on L, N K. When ds is so represented,
(7) becomes an integral with respect to Gauss measure on L, N K. If this expression
is integrated with respect to py(J'x, dl) on L', one obtains, using the formula in
Definition 6, the expression

L | FOXk (o, ).

Thus, we have shown that the divergence theorem holds for the vector function
F(y)=f(y)k and the test operator T=<k, - k.

We now show that the divergence theorem holds for f(y)k where f(y)k satisfies
that hypotheses of the theorem and the support of fis compact in B. For each z in
oV, let U,, g, be chosen as in the argument above. For z not in oV, let U, be an
open ball centered at z not intersecting at 6V and put g,=1 on U,. The family
{U,} covers B and by Lemma 2.1 there is an H-C* partition of unity {y,} which is
subordinate to this cover. For fixed n we consider the vector field y,(y)f(y)k.
Since the support of fis compact, the function Dy, is bounded in Hilbert norm on
this set. It follows that F=1y, fk satisfies the hypotheses for the theorem and that the
support of Fis contained in some U.,. Hence, by the argument above, the theorem
holds for F.

Now, using the compactness of the support of f and the definition of an H-C*
partition of unity, one can easily see that the divergence theorem holds for the
vector field > v, fk=fk and test operator T=<k, - k.

Next, we consider F(y)=f{(y)k where no assumption concerning the support of f
is made. We choose a sequence of twice H differentiable functions {g,} which have
the properties asserted in Lemma 2.2. In particular, g, has compact support, g,
and Dg, are bounded, and by the integrability assumptions made on F, the diver-
gence theorem holds for each F,(y)=g.(»)f(»)k and T=<k, - >k. Moreover, upon
taking limits in the integral identity, one obtains the identity for F.

Finally, let F be a vector function satisfying the hypotheses for the theorem, and
let T be an arbitrary test operator. By Definition 6 of [6], there holds Ty
=>1%e;, y>Te; where {e,}} is a subset of B* which is orthonormal in H. Hence, the
integral

L <TEG), nypotx, ) = z LV (F(), e5<n(y), Te;a(x, dy)

exists by the assumptions on F. Also, we have shown that for each j, the divergence
theorem holds for the vector field F,(y)=(F(»),e;)Te; and the test operator
T,=|Te;|~*Te,, - )Te;, Upon adding the integral identities one obtains the
identity for F and T. This concludes the proof of the theorem.

DeriniTION 11. Let (H, B) be an abstract Wiener space and U be an open subset
of B. A function F: U — H has finite divergence at x in U if F is H differentiable at
x and DF(x) is an operator on H of trace class. For such a map the divergence of F
at x is the quantity trace [DF(x)], and the divergence is denoted by (div F)(x).
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It is easily seen that the above expression coincides with the usual definition of
divergence if the space H is finite dimensional.

COROLLARY 2.1. Let V be a set with an H-C*' boundary in the space (H, B).
Assume that F: VU 0V — H is a measurable H continuous vector field with finite
divergence on V and that F is uniformly bounded in B* norm on V. If for x in B and
t>0 the function |F| is o(x, -) integrable on 0V, and the trace class norm of DF is
pi(x, ) integrable on V, then there holds

fv {(div F)(y) =1~ F(p), y— 2} pix, dy) = CF(3), n(p)pou(x, dy).

Proof. It follows from an argument in the proof of Lemma 2.2 that there is a
sequence {P,} of test operators on B such that the restriction of P, to H is an
orthogonal projection and {P,} converges strongly to the identity map on H. We
apply Theorem 2 to F and a test operator P,. Now lim,_ trace [P,DF(y)]
=(div F)(y) for each y, and also lim, ., , {P,F(¥), n(y)) =<F(y), n(y)>. Moreover,
since F is bounded in B* norm,

[KF (), y— x> —CPaF(3), y— 3| < M(I=P)(y—)].

By an argument in [6, p. 174], the integral of the right-hand expression relative to
the measure p,(x, -) converges to zero as n — co. Hence, we may apply the domi-
nated convergence theorem to the integrals in the identity obtained from Theorem
2. The resulting identity is the desired one.

Corollary 2.1 is related to a result established by Stengle [9] for Gaussian
probability measures on the space C[0, 1]. Let C denote the Banach space consist-
ing of all continuous real-valued functions on [0, 1] which vanish at zero. The
indefinite integral defines an embedding of the space L2(0, 1) into C. It is shown in
[4] that the pair (L%(0, 1), C) is an abstract Wiener space and that the measure p,
carried by C is the canonical Wiener measure. Now p, defines a measure on
C[0, 1], and Corollary 4 in [9] for this measure is comparable to Corollary 2.1
above. However, the hypotheses in Corollary 4 are quite different from those in
Corollary 2.1. This difference arises from the fact that surface measure is not used
in [9]. In Corollary 4, a conditional expectation function is used in place of a
surface integral.

6. Examples. Let H be a real Hilbert space and let 4: H— H be a one-to-one
operator of Hilbert-Schmidt type. The norm | x| =|4x| is a measurable norm by
Theorem 2 of [4]. The space B obtained by completing H in this norm is itself a
Hilbert space, for ||x|| arises from an inner product [x, y]=(A4x, Ay) on H. Itis well
known that the square of a Hilbert norm is infinitely Fréchet differentiable. Hence,
the set {x € B: ||x||=r} is a differentiable surface in B for each r>0. By Remark 2,
this set is an H-C*! surface.



1972] A DIVERGENCE THEOREM FOR HILBERT SPACE 425

It is an interesting fact that the above surfaces have finite normal surface measure
for any parameters x and 7. This is a consequence of the following more general
result which we derive with the use of the divergence theorem.

Let (H, B) be an abstract Wiener space and K be a two-dimensional subspace of
B*. By Remark 1 there are projections Q and J of B onto K and ker Q respectively,
and L=Kker Q carries a family {p;} of Wiener measures. Now the corollary to
Proposition 1 is applicable to the space (K*, L). That is, for a given >0, there is a
function f: L — R satisfying a Lipschitz condition such that the function p;f has a
nonzero K* derivative on {/ € L: e < ||/| <&~} for t small, and p; f approximates the
norm on this set. Hence, if r>0 is given, for a suitable >0 and f, the function
g(x)=|0x|?+pif has a nonzero H derivative on the nonempty set

{xeB:r2 < g(x) =r}.

Moreover, by the choice of f, the set V'={x € B: g(x) <r} has an H-C! boundary.
In addition, the vector field F(x)= Dg(x) has finite divergence on V U oV by
[6, Theorem 3] and the trace class norm of Fis a uniformly bounded continuous
function of x. By composing g with a suitable C* function «: R — R, one obtains
a vector field F'(x)=a(g(x))| Dg(x)| ~2F(x) which has finite divergence on V and is
such that F’(x)=|Dg(x)| ~2Dg(x) if g(x)=r.

Let {g,} be a sequence of twice H differentiable functions with the properties
asserted in Lemma 2.2. Since g, has compact support, each vector field g,F’
satisfies the hypotheses for Corollary 2.1. Hence, we obtain the identity

(®) L {(div g.F")(y)— 178 {F'(y), y—= XD} pulx, dy) = LV 2.(»)| Dg(y)| ~olx, dy)

for any x and r. Now by the definition of F’ there holds
|(div g.F)(»)| < ¢|Dg(p)| =2 and [(F'(y),y—x)| < c[Dg(y)| 2

for some ¢>0. But,

[ 1Dg)1 =205, ) = [1091-2pi)
= (21rt)‘1fj |v] =2 exp [—(2¢) " v|?] dv < co.

Hence, the left-hand expression in (8) remains bounded as n — co. It follows that
the integral [,, | Dg(y)| ~toy(x, dy) is finite. Since | Dg(y)| is bounded, this implies
that o,(x, 0V) is finite. Thus, we have shown that in any abstract Wiener space,
there exist nonempty bounded sets whose boundaries carry finite surface measure.

In an example above we considered a norm given by |x| =|Ax| where 4 is a
Hilbert-Schmidt operator on a Hilbert space H. The argument above may be
applied to the function g(x)= || x||2. One has only to note that an eigenvector of the
operator A*4 on H is in B*. Then if K is the span of any two eigenvectors, the
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identity g(x)=| Ox||2+ | Jx|? holds for the projections Q and J onto K and ker Q.
One may verify directly that the function | Dg(y)| ~* is unbounded on the sphere
{x € B: || x| =r}. However, by the argument above it is integrable relative to any
normal surface measure.
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